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a b s t r a c t

The thermal conductivity of nuclear fuels such as UO2+x and (U,Pu)O2�x has been calculated by the molec-
ular dynamics (MD) simulation in terms of oxygen stoichiometric parameter x, temperature and Pu con-
tent. In the present study, the MD calculations were carried out in both equilibrium (EMD) and
nonequilibrium (NEMD) systems. In the EMD simulation, the thermal conductivity was defined as the
time-integral of the correlation function of heat fluxes according to the Green–Kubo relationship. Mean-
while, in the homogeneous NEMD, it was given by the ratio of the time-averaged heat flux to the per-
turbed external force subjected to each particle in the simulated cell. NEMD, as compared with EMD,
gave somewhat precise results efficiently. Furthermore, both MD calculations showed that the thermal
conductivity of these oxide fuels decreased with increase of temperature and defects, i.e. excess oxygen
or vacancy, and was rather insensitive to Pu content for the stoichiometric fuel.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Uranium oxide and its solid solution with plutonium oxide, i.e.
UO2+x and (U,Pu)O2�x, have been the most widely used nuclear
fuels. The thermal conductivity is one of the most important ther-
mo-physical properties and is dependent on various fuel parame-
ters such as oxygen-to-metal (O/M) ratio, temperature, Pu
content, and so on [1,2]. Especially, the deviation from the O/M ra-
tio of 2.0 allows lowering not only of the thermal conductivity but
also of melting point. However, it is not so easy to experimentally
control the O/M ratio (or oxygen stoichiometry) for these oxide
fuels. For the further improvement of the safety of the fuel man-
agement, the more systematic study is needed from the point of
view of both experimental and theoretical analyses. Therefore, in
the present study, the molecular dynamics (MD) simulation has
been carried out to evaluate the thermal conductivity in terms of
above fuel parameters.

Using the equilibrium molecular dynamics simulation (EMD), we
have ever studied the thermal behaviors of uranium oxide, pluto-
nium oxide, mixed uranium–plutonium oxide and stabilized zirco-
nia systems [3–5]. In the previous studies [3–10], the effectiveness
of EMD has been verified for the evaluation of physicochemical
properties, e.g. thermal expansion, compressibility, specific heat,
thermal conductivity. However, it took the more CPU time to obtain
the more reliable results especially for the thermal conductivity.
Since the thermal conductivity is a transport coefficient, it must be
ll rights reserved.
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calculated as the time-integral of the auto-correlation function of
the heat currents in the thermal equilibrium system by the Green–
Kubo relationship, based on the huge volume of the heat current
data being accumulated every calculation time step.

Thus, in the present study, the homogeneous nonequilibrium
MD (NEMD) proposed by Evans [11] has been carried out in order
to overcome the disadvantage of EMD [12,13]. Because this NEMD
does not need the comprehensive change for the EMD algorithm.
For instance, the periodic condition used in the EMD calculation
can be applied also for the homogeneous NEMD. The thermal con-
ductivity calculated by the NEMD is obtained by the linear re-
sponse of heat flux to the perturbed external force field. In the
present study, we verify the effectiveness of homogeneous NEMD
simulation for the evaluation of thermal conductivity of nuclear
fuels in comparison with the results from EMD simulations and
experiments.

2. Homogeneous nonequilibrium molecular dynamics (NEMD)
simulation

2.1. Formalization of thermal conductivity in NEMD algorithm

According to the homogeneous NEMD method proposed by
Evans [11], dynamics of the particles in the simulated cell are gov-
erned by the following equations of motion:

d~qi

dt
¼ vi; ð1Þ

d~pi

dt
¼~Fi þ D

$
i
~FextðtÞ � a~pi; ð2Þ
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where ~qi and ~pi are the generalized coordinate and momentum of
ith particle, vi the velocity, ~Fi the force, ~Fext the perturbed external
force coupled with Di

$
the tensor parameter, a the thermostating

parameter. Here, Di

$
means the deviation energy of ith particle from

average of energy in the N-particle system. When~Fext ¼ 0 and a = 0,
the system is under the thermal equilibrium condition. Hamiltonian
is the internal energy under the adiabatic condition a = 0. Its time-
derivative is therefore given by

dH
dt

� �
ad
¼~FextðtÞ

XN

i¼1

D
$

i �~pi

mi
¼~FextðtÞ �~jE; ð3Þ

where~jE is the heat current. In the linear response theory, if the
physical observable is the heat current, then the time-averaged heat
current can be expressed as Eq. (4) via Eqs. (1)–(3).

h~jEðtÞit ¼
~Fext

kBT

Z 1

0
dth~jEðtÞ �~jEð0Þieq; ð4Þ

where each particle is perturbed in one direction by time-indepen-
dent ~Fext. On the other hand, in the equilibrium system where the
perturbed field is of course zero, the thermal conductivity is given
by the Green–Kubo relationship:

j ¼ 1
VkBT2

Z 1

0
dth~jEðtÞ �~jEð0Þieq: ð5Þ
Fig. 1. The crystal structures of UO2, UO2+x and (U,Pu)O2�x. All configurations are bas
plutonium (Pu), light gray for oxygen (O), white for oxygen vacancy (VO).
As a result, considering Eqs. (4), Eq. (5) is re-written by

j ¼ lim
Fext!0

lim
t!1

h~jEðtÞi
VTFext

: ð6Þ

Therefore, the thermal conductivity is given as the proportional
constant between the time-averaged heat current and the per-
turbed external force field in the present NEMD. In the above equa-
tions,~jEðtÞ is generally written by

~jEðtÞ ¼
XN

i¼1

miv2
i

2
þ 1

2

X
j6¼i

UðrijÞ
" #

~vi þ
1
2

XN

i¼1

~vi �~rij
~Fij: ð7Þ

This energy current in the Coulomb system was given by Bernu,
based on the Ewald method [14]. And Di

$
is redefined using D�i

$
,

which
PN
i¼1

~vi � D�i
$
¼~jEðtÞ, as

Di

$
¼ D�i
$
� 1

N

XN

j¼1

D�j
$
: ð8Þ

The detail description of D�i
$

was given by Motoyama [15]. Also in
the present NEMD calculation, Di

$
defined as Eq. (8) was used in

Eq. (2).

2.2. NEMD simulation procedure

In the present study, the NEMD algorithm was incorporated into
the MXDORTO program. The original MXDORTO was developed by
ed on the fluorite structure. Black balls stand for uranium (U), medium gray for
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Kawamura for the EMD simulation [16]. In the present calculations,
the Born–Mayer–Huggins (BMH) potential with the partially ionic
model (PIM) was employed to each ion pair in simulated crystals.
This potential function is given by

UPIMðrijÞ ¼
zizje2

rij
þ f0ðbi þ bjÞ exp

ai þ aj � rij

bi þ bj

� �
� cicj

r6
ij

; ð9Þ

where zi is the effective charge of type i ion, e the electron charge, rij

the distance between i and j ions, f0 the adjustable parameter. Po-
tential parameters, ai, bi and ci, are given to the ion of types i. The
first term of the right side of Eq. (9) stands for Coulomb interaction,
which extends to a long-range. In order to avoid the divergence of
the calculation concerning the long-range term, the Ewald summa-
tion algorithm was introduced into MD programs. Other terms
stand for short-range interactions: the second one is the repulsive
potential between ionic cores; the third one is originated from
van der Waals interaction.

The initial supercells for MD calculations were prepared as fol-
lows. U4+ and O2� ions were arranged at each sub-lattice site of
fluorite structure composing of 3 � 3 � 3 unit cells, which is called
the basic supercell here. For hyper-stoichiometric UO2+x, (1) one
U5+ ion was randomly placed on a cation site in the basic supercell;
(2) following U5+ ion was placed on the nearest neighbor cation site
for the firstly placed U5+ ion; (3) two other U5+ ions were placed
around two previously placed U5+ ions; (4) two originally placed
and two excess O2� ions were arranged around four U5+ ions. Such
a defect cluster is depicted in Fig. 1 and is called ‘2:2:2 cluster’
[17,18]. By repeating the process from (1) to (4), the 2:2:2 defect
clusters were randomly distributed in the initial supercell. How-
ever, this configuration of the defect cluster was just an assump-
tion. Because, the lattice structure of the defect cluster observed
in UO2+x has been still discussed [19,20]. According to the phase
diagram of U–O system [18], UO2+x with 0 < x < 0.25 decomposes
to UO2+x and U4O9�y at low temperatures, and has a single phase
of UO2+x at temperature greater than �500 K. Therefore, for the
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Fig. 2. (a) Relationship between UO2+x lattice parameter and temperature. Experimental
as a function of temperature. Experimental data of UO2 at high temperatures was repor
present simulation condition such as x 6 0.09 and T P 900 K,
UO2+x has a single phase. On the other hand, in hypo-stoichiome-
tric (U,Pu)O2�x with fluorite structure, Pu4+ and Pu3+ ions were ran-
domly distributed on cation sites in the basic supercell while
oxygen vacancies were generated on anion sites to keep the electri-
cal neutrality. Such an example of the lattice structure of hypo-
stoichiometric (U,Pu)O2�x is shown in Fig. 1.

The MD simulations were performed according to the following
procedure. The initial supercell was prepared as described above.
Next, the initial relaxation calculation was done for 2 � 104 steps
(=40 ps) to equilibrate the simulated system for desired tempera-
ture and pressure. Then, for the EMD simulation, the calculations
of thermal conductivity were performed 3–5 runs of 5 � 105 time
steps in the micro-canonical ensemble (N,V,E). On the other hand,
for the NEMD simulation, its calculation was performed
5–10 � 104 time steps for each direction (x, y or z) under the
Nosé thermostat control. In addition, the thermal conductivity
was calculated by varying the external force field in the NEMD sys-
tem. Except for UO2 case, five different Fext values were applied for
many cases (hyper- and hypo-stoichiometric ones) in the NEMD
system. Regarding UO2, so many Fext values were applied to check
the relationship between the Fext value and the thermal conductiv-
ity. As a result, an amount of total CPU time to calculate a value of
thermal conductivity for the NEMD system was less than or equal
to that for the EMD system.

2.3. Determination of potential parameters

In order to simulate the hyper-stoichiometric UO2+x, the poten-
tial parameter of U5+ ion was newly needed. Then, we determined
this potential parameter to have the lattice constant from MD fit
one from experimental data in the O/M range from 2.02 to 2.09
[21]. Fig. 2(a) and (b) show the lattice parameter and compressibil-
ity, respectively [21,22]. For the O/M = 2.00, reliable lattice param-
eter was measured as a function of temperature [23], and many
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Table 1
Born–Mayer–Huggins interatomic potential parameters

Ion zi ai (nm) bi (nm) ci (J�0.5 nm3 mol�0.5) Source

U5+ 3.375 0.1201 0.00303 0.0 Present study
U4+ 2.70 0.1318 0.00360 0.0 [3,4]
Pu3+ 2.025 0.12217 0.00128 0.0 [4]
Pu4+ 2.70 0.1272 0.00325 0.0 [3,4]
O2� �1.35 0.1847 0.01660 1.294 [26,27]
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experimental data of compressibility (=inverse of bulk modulus)
were also measured at room temperature [24,25], so that the po-
tential parameter of U4+ was optimized using these experimental
data. Browning’s data seems to be a little higher than the one ob-
tained from MD at T P 900 K. However, Browning’s data [22] also
seemed to be a little higher than other experimental data at room
temperature [24,25]. On the other hand, for hyper-stoichiometric
UO2+x, the lattice parameter was measured only by Grønvold
[21], and there were no data of compressibility even at room tem-
perature. As a result, there is a contradiction on lattice constant be-
tween O/M = 2.00 and 2.02. The ionicity of 67.5% and the potential
parameters of O2� ion were obtained from the literature [26,27].
The potential parameters used in the present study are summa-
rized in Table 1.

Fig. 2(a) shows a decrease in lattice parameter of UO2+x by addi-
tion of excess oxygens in agreement with experimental data [21].
However, such a result was not discussed on the configuration of
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UO2.09. These results were calculated at 1000 K.
the defect cluster. So, pair correlation functions were calculated
as well as lattice parameter and compressibility in order to evalu-
ate the potential parameters for the 2:2:2 cluster. Fig. 3 shows pair
correlation functions such as O–O, U–O and U–U for UO2 and UO2+x

at 1000 K. Except for U5+–O2�, pair correlation functions of UO2+x

diffuse on nominal positions calculated for UO2. Unfortunately, this
result shows that the initial configuration of the 2:2:2 cluster can-
not be kept during the calculation for the thermal relaxation.
Therefore, the pair potential function with partially ionic charge
in this study might be oversimplified to reconstruct the configura-
tion of such a complex defect cluster.

3. Results and discussion

3.1. Perturbed heat flux and oxygen stoichiometric parameter

In the equilibrium system, the thermal conductivity is defined
as Eq. (5) based on the Green–Kubo relationship. Our previous
study showed that the auto-correlation function of heat currents
converged in the shorter time as the oxygen stoichiometric param-
eter increased [4]. As a result, the thermal conductivity of nonsto-
ichiometric oxide was lower than that of the stoichiometric one.
On the other hand, in the nonequilibrium system, the thermal con-
ductivity is directly obtained from the perturbed heat current.
Here, the time-averaged heat current divided by V and T is defined
as the time-averaged heat flux (see Eq. (6)). Fig. 4 shows the time-
averaged heat flux in x-direction at 1000 K as a function of time
step. And each figure shows the change of the heat flux after the
perturbation onset. It seems that the heat flux approaches to a con-
stant value with increasing the time steps. The thermal conductiv-
ity can be obtained as this convergent value divided by Fext. In
Fig. 4, it is found that the convergent value for the heat flux of non-
stoichiometric oxides decreases regardless of the large Fext value.

3.2. Determination of thermal conductivity for the homogeneous
NEMD

Fig. 5(a) shows the time-averaged heat flux as a function of Fext

for the UO2 system. For small Fext values, the heat flux increases
linearly with Fext at each temperature. But, it abruptly increases
at a certain Fext value, which means the breakdown of the linear re-
sponse. For such a case, temperature cannot be controlled and in-
creases with time step. Hereafter, this critical value is defined as
the maximum Fext. In addition, this figure shows that the maxi-
mum Fext value decreases with a decrease of temperature. It means
that the perturbed heat flux is very sensitive to Fext value at low
temperatures. Furthermore, the temperature of the system is also
sensitive to Fext value, which means that the temperature control
becomes difficult at low temperatures. Once this maximum Fext

can be provided to avoid the nonlinear relationship between the
Fext value and the heat flux, the thermal conductivity is determined
efficiently and precisely. In principle, it is preferable for the Fext va-
lue to be as small as possible for the linear response theory. How-
ever, if the Fext value is too small, the effect on perturbed heat flux
will be also small. As a result, larger Fext values in the linear re-
sponse region were required to precisely determine the thermal
conductivity. For the UO2 system, the thermal conductivity is plot-
ted as a function of Fext in Fig. 5(b). In this figure, the variation of
thermal conductivity is relatively small at the vicinity of the max-
imum Fext value. In addition, it is shown that as temperature in-
creases, the thermal conductivity decreases. Fig. 6 shows the
maximum Fext value as a function of the thermal conductivity.
The relationship in stabilized zirconia system with fluorite struc-
ture was given by Yoshiya et al. [28] as follows:

Max:Fext ¼ 10M � j�N: ð11Þ
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According to this formula, for zirconia system, M and N were ob-
tained to be 8.82 and 1.14, respectively [28]. For UO2 system, we ob-
tained M = 8.65 and N = 1.01. As a result, it might not be so different
for any fluorite crystal system, and for other materials with fluorite
structure, the relationship given by Eq. (11) can provide the guide to
set the proper Fext values.
3.3. Thermal conductivities of UO2+x and U0.8Pu0.2O2–x in EMD and
NEMD systems

The MD thermal conductivity of UO2+x is plotted as a function of
temperature in Fig. 7, together with experimental results [29].
Thermal conductivity of UO2+x decreases with increasing tempera-
ture and oxygen stoichiometric parameter x. The experimental
thermal conductivity seems to increase slightly at high tempera-
tures since the contribution of conduction electrons becomes large.
Of course such a contribution was not considered in MD simula-
tions. The results from MD calculations are originated from the
pure phonon conduction. For x > 0, excess oxygens scattered the
phonons, therefore they caused to the decrease in thermal conduc-
tivity. For the stoichiometric UO2, the thermal conductivity calcu-
lated by NEMD is relatively large at low-middle temperatures
(<1400 K). Moore et al. showed that the phonons were also
scattered by the magnetic moment of U and its contribution was
independent on temperature above 80 K [30]. In addition, its
contribution was much larger than that from scattering due to
grain boundaries. Therefore, the thermal conductivities of single
crystal and polycrystalline UO2 were estimated to be comparable
in the wide range of temperature [30]. Considering the contribu-
tion of phonon scattering due to magnetic moment of U and unex-
pected lattice defects (e.g. impurities), the thermal conductivity
calculated by EMD seems to be underestimated for the stoichiom-
etric UO2 at low-middle temperatures in comparison to literature
data by Lucuta [29]. Regarding the difference between EMD and
NEMD results, these should be equal essentially if the size of super-
cell is large enough, and if total number of steps to calculate the
thermal conductivity is also large. Unfortunately, the information
relating these dependences of thermal conductivity cannot be pre-
sented here. Especially for the condition where x = 0 and tempera-
ture is low, such an effect is serious, so that the EMD thermal
conductivity may be underestimated [31]. For UO2, the thermal
conductivities calculated by Eq. (5), which is an integral of auto-
correlation function of heat currents, converged extremely slowly
with integration time and its fluctuation was estimated to be
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approximately 30% at T 6 700 K. At higher temperatures, the fluc-
tuation was conservatively estimated to be 20–25%.

For hypo-stoichiometric U0.8Pu0.2O2�x in Fig. 8, the thermal con-
ductivity also decreases with increasing temperature and oxygen
deficient parameter x. The thermal conductivities are in good
agreement among EMD, NEMD and the experiment without for
stoichiometric U0.8Pu0.2O2 [1,3]. Both MD simulations gave the lar-
ger thermal conductivities than the experiment in low-middle
temperatures for stoichiometric U0.8Pu0.2O2. This might be caused
from the contribution from phonon scattering due to the magnetic
moment of U [30]. The thermal conductivity for x > 0 decreases
with increase of oxygen deficient parameter because of phonon
scattering by oxygen vacancies, which is well reproduced by both
EMD and NEMD calculations.

As shown in Figs. 7 and 8, the thermal conductivity calculated
by the NEMD system seems to change as a function of temperature
with less fluctuations, in comparison with that obtained by EMD.
In order to improve the result from EMD simulation, the larger vol-
ume of heat current data is required. However, in principle the er-
ror of calculation accumulates with number of time steps for the
MD simulation, and it is not economical for the CPU cost. On the
other hand, the homogeneous NEMD required 5–10 � 104 of num-
ber of time steps for one run compared to that for EMD (=5 � 105

time steps). As a result, if appropriate Fext values are chosen for
the simulated condition, the thermal conductivity is expected to
be determined more precisely and efficiently for the NEMD system.

4. Conclusions

For uranium oxide and its solid solution with plutonium oxide,
EMD and NEMD simulations were performed to evaluate the ther-
mal conductivity in terms of temperature, oxygen stoichiometric
parameter and Pu content. Both MD calculations show that the
thermal conductivity deceases with increase of temperature be-
cause of the Umklapp process. Compared stoichiometric UO2 to
(U,Pu)O2, the effect of Pu addition is relatively small. On the other
hand, for hyper-stoichiometric UO2+x, the thermal conductivity de-
creases with increase of x, and for hypo-stoichiometric (U,Pu)O2�x,
it decreases with increasing x. In these nonstoichiometric oxides,
the former is caused by excess oxygens, and the latter by oxygen
vacancies. It concludes that the present MD calculations well ex-
plain the effect of phonon scattering by Umklapp process and by
lattice defects on the thermal conductivity. Compared to the
EMD calculation with Green–Kubo relationship, the homogeneous
NEMD calculation with the linear response to the perturbed exter-
nal force gave the thermal conductivity with less fluctuations and
with less CPU time as a function of temperature and x. Further-
more, the NEMD calculation is also expected to obtain the more
precise result with appropriate Fext values.
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